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GENERALIZED SHIFT OPERATOR OF CERTAIN ENCODINGS OF REAL NUMBERS  
 
  The present article is devoted to the investigation of some properties of the generalized shift operator of numbers represented in 
terms of numeral systems with a variable alphabet.  
 
 
1. Introduction. Let 
BN  be a fixed subset of positive integers,  nbB   be a fixed increasing sequence of all 
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be a fixed matrix. Here
nmi ,0 ,   ,0Nmn , ,...,2,1n  and  elements niq ,  satisfy the following system 
of conditions: 
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So, any number  from a certain interval  aa ,  can be represented by the following way (see [14, 9]): 
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Note that  representation (1) is: 
- the nega-Q
~
-representation ([10]) whenever a set BN  is the set of all odd positive integers, i.e.,  
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- the representation by a positive Cantor series (such series were introduced in [1]) whenever 
BN  is  empty and 
the condition 
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- the representation by an alternating Cantor series ([11, 5,6]) whenever the last-mentioned conditions hold but  
BN  is the set of all odd positive integers, i.e., 
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- the q-ary representation ([3]) of real numbers whenever 
q
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positive integer, and 
BN  is  empty: 
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In 2013, a notion of the generalized shift operator was defined for alternating Cantor series (see the working paper [6], 
the presentation [5], and the corresponding published paper [11]).  The generalized shift operator is following in terms of 
alternating Cantor series: 
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The idea includes the following:  any number from a certain interval can be represented by two fixed sequences  nq  and 
 ni . The generalized shift operator maps the preimage into a number represented by the following two sequences 
 ,...,,...,, 1121  mm qqqq and  ,...,,...,, 1121  mm iiii . In terms of certain encodings of real numbers, this number can 
belong to another interval.  
In the present article, the generalized shift operator is investigated for different expansions of real numbers (the main 
attention is given to numeral systems with variable alphabets). 
Let us remark that some numeral system is a numeral system with a variable alphabet whenever there exist at least two 
numbers   k  and l  such that the condition lk AA   holds for  the representation ......21 niii  of numbers in terms of this 
numeral system, where  kk Ai   and ll Ai  , as well as lk  . 
2. Cantor series.  Now let us consider numbers represented in terms of different Cantor series. We begin with 
positive Cantor series.  
Suppose a number ]1,0[x  represented by positive Cantor series (1). Then   
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Let us remark that  
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and, where   is the shit operator,  
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Note that for positive Cantor series numbers of the form 
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are called Q-rational. The other numbers in ]1,0[  are called Q-irrational.  
Theorem. The generalized shift operator has the following properties: 
- ).(12 x
mm    
- Suppose )( nk  is a sequence of positive integers such that ,...3,2,11   nkk nn . Then  
).()(...
11
1 1 xx n
nn
k
kkk
k  

   
- Suppose )( nk  is an arbitrary finite subsequence of positive integers. Then  
).()(...
11
xx n
nn
n k
kkk
nk  

   
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Proof.  All properties follow from the definition of m  and equality (4).   
Let us consider the set 
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Let  us consider expansion (3). In this case, 
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So,  m  is a piecewise linear function since 
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By analogy, only for the case when nm  , points of  discontinuity of m  are only quasi-Q-rational points which are 
points of the following form (for example, quasi-q-ary rational numbers were described in [9]): 
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In addition, note that  
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For the general case 
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From considered relationships follows the following statement. 
Theorem.  For any case of a sign variable Q
~
- expansion, the mapping m   is a piecewise linear function. 
 
4. Conclusions. In the present article, the attention was given to the generalized shift operator in terms of certain 
numeral systems with variable alphabets.  Some relationships between ),(, xx m  and )(xm  are considered in 
terms of some encodings of real numbers. The general property of m  is a fact that this mapping is a piecewise 
linear function. Note that for numeral systems with variable alphabets, the following is true: 
  ............. 112121  mmn iiiiiiim . That is, in our case, this mapping maps ......21 niiix   into a number represented 
in terms of the other numeral system. However, for some numeral systems with a constant alphabet (i.e., the q-ary 
or nega-q-ary representation) the condition   ............. 112121  mmn iiiiiiim  holds. In addition, let us remark that the 
notion of the generalized shift operator is useful for  further investigations. Some such investigations were described 
in the preprint [15].  For example, one can model generalizations of the singular Salem function (the singular Salem 
function was introduced in [4]) by the generalized shift operator (partial cases of such generalizations are 
generalized Salem functions investigated in [7, 8, 12, 13]). Next papers of the author of this article will be devoted to 
such investigations.  
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